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Reverse-Engineer the Human Brain

One of the greatest challenges of

modern science, and the key to ...

Why should we reverse-engineer the brain?

• personalized therapies & reversal of cognitive decline

• efficient computing systems & brain-computer interfaces

• next generation machine intelligence

[Medtronic]
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Why should we reverse-engineer the brain?

• personalized therapies & reversal of cognitive decline

• efficient computing systems & brain-computer interfaces

• next generation machine intelligence

energy: ∼ 10 W

vs

energy: ∼ 100 W

[von Neumann, 2012, The Computer & the Brain]
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Why should we reverse-engineer the brain?

• personalized therapies & reversal of cognitive decline

• efficient computing systems & brain-computer interfaces

• next generation machine intelligence

[Google Research][Deepmind]
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How to reverse-engineer the brain?
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Models and scales of interest
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today

• brain-wide process (functional patterns)

• models retain biological compatibility

• models remain analytically tractable
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Functional patterns of brain activity
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Functional patterns of brain activity

correlation

correlation

• synchrony between brain regions long known (EEG, fMRI, [Berger & Gray, 1929])

• rich repertoire of synchrony patters (transient, long-range, clustered)

• different patterns are biomarkers of health and disease (epilepsy, Parkinson’s)
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Modeling functional patterns

brain regions white matter fibers

+ =

brain network

• nodes = brain regions; edges = bundles of white matter fibers

• static brain networks carry structural and statistical information

• dynamic brain networks are useful for the prediction & control of neural dynamics
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Resting-state activity modeled by phase oscillators

each node of the brain net-

work captures the dynamics

of a population of neurons
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Resting-state activity modeled by phase oscillators

Excitatory Inhibitory
excitatory and inhibitory
communities are in a

regime of self-sustained
oscillations

(weakly coupled Wilson-Cowan)
[Hoppensteadt and Izhikevich, 1997]

neurons’ firing rates
describe a limit cycle

dynamics approximated by
a single phase variable

[Cabral et al., 2011]
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Resting-state activity modeled by phase oscillators

θ̇i = ωi +
∑

j ̸=i

aij sin(θj − θi )
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Resting-state activity modeled by phase oscillators

θ̇i = ωi +
∑

j ̸=i

aij sin(θj − θi ) oscillator’s phase

interconnection weight

natural frequency
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Dynamical brain network to simulate neural activity

✓

!

✓!

✓

!

!

✓

dynamical brain network with:

nodes = brain regions

edges = white matter fibers

node dynamics = Kuramoto
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Oscillator properties and functional patterns
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Oscillator properties and functional patterns
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• correlated brain regions ⇔ synchronized oscillators

• correlated regions typically form disjoint clusters

cluster synchronization in oscillator networks as a proxy for correlated neural activity

10/35

Analysis of cluster synchronization
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Cluster synchronization

Network partition

P = {C1, C2, C3}

⇒

time

|{z} |{z} |{z}
t
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Cluster synchronization

Network partition

P = {C1, C2, C3}

⇒

time

|{z} |{z} |{z}
t

cluster synchronization manifold for P = {C1, . . . , Cm}:
SP = {θ ∈ Tn : θi = θj for all i , j ∈ Ck , k = 1, . . . ,m}
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Invariance of cluster synchronization

1

2

7

8

3 4

ω4

5

ω5

6

a43 a56

θ̇4 = ω4 + a43 sin(θ3 − θ4) + a45 sin(θ5 − θ4)

θ̇5 = ω5 + a56 sin(θ6 − θ5) + a54 sin(θ4 − θ5)
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Invariance of cluster synchronization

1

2

7

8

3 4

ω4

5

ω5

6

a43 a56

θ̇4 − θ̇5 = ω4 − ω5︸ ︷︷ ︸
diff. nat. freq.

+ a43 sin(θ3 − θ4)− a56 sin(θ6 − θ5)︸ ︷︷ ︸
diff. external coupling

oscillators 4 and 5 remain phase synchronized if:

• diff. of natural frequencies = − diff. external coupling at all times

• equal natural frequencies (ω4 = ω5) and equal coupling (a43 = a56) 12/35



Invariance of cluster synchronization

Invariance of the cluster synchronization manifold SP iff:

• ωi = ωj for all oscillators in the same cluster

• the network weights are balanced

[Menara et al., 2020 TCNS]

balanced weights for partition P = {C1, C2, . . . }:
∑

z∈Cℓ

aiz − ajz = 0 for all i , j ∈ Ck and all partitions Cℓ ̸= Ck

13/35

Invariance of cluster synchronization

Invariance of the cluster synchronization manifold SP iff:

• ωi = ωj for all oscillators in the same cluster

• the network weights are balanced

[Menara et al., 2020 TCNS]
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5

C1 = {1, 2, 3}, C2 = {4, 5, 6}

C1 → C i
2 = C1 → C j

2

C2 → C i
1 = C2 →C j

1
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Invariance of cluster synchronization

Invariance of the cluster synchronization manifold SP iff:

• ωi = ωj for all oscillators in the same cluster

• the network weights are balanced

[Menara et al., 2020 TCNS]
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Cluster invariance in empirical brain networks

0

1

0

1

0

1

24 subjects

[Ponce-Alvarez et al.,

2015 PLOS Comp Bio]

fMRI data correlations

cognitive system

assignment
9 intrinsic networks

[Power et al., 2012 Neuron]

clustering algorithm

Louvain, Ncut

...distance from balanced network weights
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Cluster invariance in empirical brain networks
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24 subjects

[Ponce-Alvarez et al.,

2015 PLOS Comp Bio]

fMRI data correlations

cognitive system

assignment
9 intrinsic networks

[Power et al., 2012 Neuron]

clustering algorithm

Louvain, Ncut

exact 1 2

ra
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om
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s.

simplified model/imperfect clusters?

︷ ︸︸ ︷
−−−−−−−−−
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Local stability of cluster synchronization

1

2

4

3

x12

x23

x34 C2 = {3, 4}

C2 = {1, 2}

ẋ12 = θ̇1 − θ̇2 = −(a12 + a21) sin(x12) + a13 sin(x23)− a13 sin(x12 + x23 + x34)

ẋ34 = θ̇3 − θ̇4 = −(a34 + a43) sin(x34) + a31 sin(x23)− a31 sin(x12 + x23 + x34)

ẋ23 = θ̇1 − θ̇3 = (ω2 − ω1) + a43 sin(x34) + a21 sin(x12)− (a42 + a24) sin(x23)
15/35

Local stability of cluster synchronization

1

2

4

3

x12

x23

x34

[
ẋ12

ẋ34

]

︸ ︷︷ ︸
ẋintra

=

[
−(a12 + a21) sin(x12)

−(a34 + a43) sin(x34)

]

︸ ︷︷ ︸
F (xintra)

+(sin(x23)− sin(x12 + x23 + x34))

[
a13

a31

]

︸ ︷︷ ︸
G(xintra,xinter)

15/35



Local stability of cluster synchronization

1

2

4

3

x12

x23

x34

ẋintra = F (xintra) + G (xintra, xinter)

• F = intra-cluster dynamics; G = inter-cluster dynamics

• the origin of F is exponentially stable with rate dep. on intra-cluster weights

(from homogeneous Kuramoto dynamics)

• G is vanishing (G (0, xinter) = 0) and lin. bounded (∥G (xintra, xinter)∥ ≤ γ∥xintra∥)
15/35

Local stability of cluster synchronization

1

2

4

3

x12

x23

x34

If intra-cluster weights ≫ inter-cluster weights, then xintra = 0 is locally exponen-

tially stable, and the cluster synchronization manifold is locally exponentially stable.

[Menara et al., 2020 TCNS]

15/35

Stability of multiple clusters

1

2

3

4

5

6

x12

x23

x34

x46

x56

ẋ
(k)
intra = F (k)(x

(k)
intra) + G (k)(xintra, xinter)

Jk : Jacobian of F at x
(k)
intra = 0 Xk : solution to JTk XK + XkJk = −I

γ(kℓ) : ∥G (k)(xintra, xinter)∥ ≤ ∑m
ℓ=1 γ

(kℓ)∥x (ℓ)intra∥ 16/35

Stability of multiple clusters

1

2

3

4

5

6

x12

x23

x34

x46

x56

If the following matrix is an M-matrix,

S = [skℓ] =




λ−1
max(Xk)− γ(kk) if k = ℓ,

−γ(kℓ) if k ̸= ℓ,

then the synchronization manifold is locally exponentially stable.
[Menara et al., 2020 TCNS] 16/35



Stability of multiple clusters
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x12

x23

x34

x46

x56

If the following matrix is an M-matrix,

S = [skℓ] =




λ−1
max(Xk)− γ(kk) if k = ℓ,

−γ(kℓ) if k ̸= ℓ,

then the synchronization manifold is locally exponentially stable.
[Menara et al., 2020 TCNS]

intra-cluster weights ≫ inter-cluster weights ⇒ stability
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An example
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β
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• fix α1, ω1, ω2 and vary α2, β

• fix α1, α2, and vary β, |ω2 − ω1|
• network weights provide conservative estimates of stability. frequencies?

• large frequency differences promote stability. why?
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An example
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• fix α1, ω1, ω2 and vary α2, β

• fix α1, α2, and vary β, |ω2 − ω1|
• network weights provide conservative estimates of stability. frequencies?

• large frequency differences promote stability. why?
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Approximate stability of cluster synchronization

1

2

3

4

x
(1)
intra x

(2)
intra

• isolated clusters are stable oscillatory systems

• clusters subject to inter-cluster perturbation

• isolated clusters behave as low-pass filters

• linearized dynamics:

ẋ
(1)
intra = J1x

(1)
intra

• connectivity + homogeneous frequencies ⇒ intra-cluster synchronization
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Approximate stability of cluster synchronization

1
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x
(1)
intra

xinter

x
(2)
intra

• isolated clusters are stable oscillatory systems

• clusters subject to inter-cluster perturbation

• isolated clusters behave as low-pass filters

• linearized dynamics:

ẋ
(1)
intra = J1x

(1)
intra + η12 cos(xinter) x

(2)
intra

• xinter → (ω2 − ω1)t as |ω2 − ω1| grows
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Approximate stability of cluster synchronization

1

2

3

4

x
(1)
intra

xinter

x
(2)
intra

• isolated clusters are stable oscillatory systems

• clusters subject to inter-cluster perturbation

• isolated clusters behave as low-pass filters

• linearized dynamics:

ẋ
(1)
intra ≈ J1x

(1)
intra + η12 cos((ω2 − ω1)t) x

(2)
intra

• inter-cluster perturbation is modulated by ω2 − ω1

18/35
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Approximate stability of cluster synchronization

1

2

3

4

x
(1)
intra

xinter

x
(2)
intra

• isolated clusters are stable oscillatory systems

• clusters subject to inter-cluster perturbation

• isolated clusters behave as low-pass filters

If |ωj − ωi | → ∞ for all clusters, then the synchronization manifold is

locally exponentially stable.

[Menara et al., 2020 TCNS]
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Stability of multiple clusters using weights and frequencies

1

2

3

4

5

6

ξij = | frequency gain from cluster Ci to cluster Ci |

If λmax([ξij ]) < 1, then the sync. manifold is locally exp. stable.

[Menara et al., 2019 ACC]
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An example
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Unstable Stable
Approx Thm 3.2

• fix α1, ω1, ω2 and vary α2, β

• combine weights and frequency gains into small-gain condition

• combined weights/frequency conditions are consistently tight
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Control of cluster synchronization
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Control of functional patterns

Desired Correlation Pattern
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so far...

• modeling of neural activity through oscillator network

• modeling of functional patterns via cluster synchronization

• conditions for invariance/stability of cluster synchronization
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Control of functional patterns

Desired Correlation Pattern
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how do we restore healthy functional patterns?

21/35

Control of functional patterns

u

u

frequency control

• external control of oscillator frequency [Menara et al., 2020 LCSS]

• design of structural weights and oscillator frequencies [Menara et al., 2019 CDC & 2022 NatComm]

•
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Control of functional patterns
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• external control of oscillator frequency [Menara et al., 2020 LCSS]

• design of structural weights and oscillator frequencies [Menara et al., 2019 CDC & 2022 NatComm]

•
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Control of functional patterns
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frequency control

ω
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structural control

u

u

coupling control

• external control of oscillator frequency [Menara et al., 2020 LCSS]

• design of structural weights and oscillator frequencies [Menara et al., 2019 CDC & 2022 NatComm]

• external control of oscillators coupling [Qin et al., 2022 CDC]
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Control of functional patterns
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coupling control

• external control of oscillator frequency [Menara et al., 2020 LCSS]

• design of structural weights and oscillator frequencies [Menara et al., 2019 CDC & 2022 NatComm]

• external control of oscillators coupling [Qin et al., 2022 CDC]
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Structural control of functional patterns
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• control knobs = network weights + oscillator frequencies

• biological constraints: positive weights, sparsity of interventions

• reference signal is n × n matrix of the phase correlation values (time-varying)
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• control knobs = network weights + oscillator frequencies

• biological constraints: positive weights, sparsity of interventions

• reference signal is n × n matrix of the phase correlation values (time-varying)

focus on time-invariant patterns, equilibrium assignment
23/35

Frequency-synchronization and functional patterns

network dynamics in matrix form (B = incidence matrix):



θ̇1
...

θ̇n


 =



ω1
...

ωn


− B




. . .

sin(θj − θi )
. . .







...

aij
...
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Frequency-synchronization and functional patterns

network dynamics in matrix form (B = incidence matrix):



θ̇1
...

θ̇n


 =



ω1
...

ωn


− B




. . .

sin(θj − θi )
. . .







...

aij
...




when oscillators are frequency-synchronized:

• oscillator frequencies are all equal to ωmean = 1
n

∑
ωi

• functional correlations are defined by phase differences

• feasible functional patterns have only n − 1 degrees of freedom
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Frequency-synchronization and functional patterns

frequency-synchronized configuration:

B




. . .

sin(θj − θi )
. . .







...

aij
...


 =



ω1 − ωmean

...

ωn − ωmean




to generate a desired functional pattern:

• compute n − 1 phase differences corresponding to desired functional values

• determine feasibility of the desired equilibrium (sign/sparsity constraints)

• find network weights and frequencies to satisfy the above equation
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Feasibility of a functional pattern
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Feasibility of a functional pattern
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Feasibility of a functional pattern with positive weights
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Restoring functional connectivity in the damaged brain
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Restoring functional connectivity in the damaged brain
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Restoring functional connectivity in the damaged brain
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Beyond brain networks: power redistribution and fault recovery
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Summary

Modeling, analysis, control of functional connectivity via cluster synchronization:

Invariance: balanced weights + homogeneous intra-cluster frequencies

Stability: intra-cluster coupling ≫ inter-cluster coupling

large inter-cluster frequency differences

weights + frequencies ⇒ tight small-gain conditions

Control: graph-theoretic cond. for feasibility of functional patterns

structural control of functional patterns in brain/power
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External control of oscillators coupling
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Remote (long-range) synchronization
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Stability Conditions for Cluster Synchronization
in Networks of Heterogeneous

Kuramoto Oscillators
Tommaso Menara , Student Member, IEEE, Giacomo Baggio , Danielle S. Bassett ,

and Fabio Pasqualetti , Member, IEEE

Abstract—In this paper, we study cluster synchronization
in networks of oscillators with heterogenous Kuramoto dy-
namics, where multiple groups of oscillators with identical
phases coexist in a connected network. Cluster synchro-
nization is at the basis of several biological and technolog-
ical processes; yet, the underlying mechanisms to enable
the cluster synchronization of Kuramoto oscillators have
remained elusive. In this paper, we derive quantitative con-
ditions on the network weights, cluster configuration, and
oscillators’ natural frequency that ensure the asymptotic
stability of the cluster synchronization manifold; that is, the
ability to recover the desired cluster synchronization con-
figuration following a perturbation of the oscillators’ states.
Qualitatively, our results show that cluster synchroniza-
tion is stable when the intracluster coupling is sufficiently
stronger than the intercluster coupling, the natural frequen-
cies of the oscillators in distinct clusters are sufficiently dif-
ferent, or, in the case of two clusters, when the intracluster
dynamics is homogeneous. We validate the effectiveness of
our theoretical results via numerical studies.

Index Terms—Biological networks, Kuramoto oscillators,
nonlinear systems, networks of autonomous agents.

I. INTRODUCTION

SYNCHRONIZATION refers broadly to patterns of coordi-
nated activity that arise spontaneously or by design in sev-

eral natural and man-made systems [1]–[3]. Examples include
coherent firing of neuronal populations in the brain [4], coor-
dinated flashing of fireflies [5], flocking of birds [6], exchange
of signals in wireless networks [7], consensus in multiagent
systems [8], and power generation in the smart grid [9]. Syn-
chronization enables complex functions: while some systems
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require complete (or full) synchronization among all compo-
nents in order to function properly, others rely on cluster (or
partial) synchronization, where different groups exhibit differ-
ent, yet synchronized, internal behaviors [10].

While studies of full synchronization are numerous and have
generated rich literature (e.g., see [11]–[13]), conditions ex-
plaining the onset of cluster synchronization and its properties
are less well understood. Such conditions are necessary for the
analysis and, more important, the control of synchronized activ-
ity across biological [14]–[16] and technological [17] systems.
For instance, a deeper understanding of the mechanisms en-
abling cluster synchronization might not only shed light on the
nature of the healthy human brain [18], but also enable and guide
targeted interventions for patients with neurological disorders,
such as epilepsy [19] and Parkinson’s disease [20].

We study cluster synchronization in networks of oscillators
with Kuramoto dynamics [21], which, despite their apparent
simplicity, are particularly suited to represent complex synchro-
nization phenomena in neural systems [22], as well as in many
other natural and technological systems [9]. Although our study
and modeling choices are guided by the practical need to under-
stand and control patterns of synchronized functional activity in
the human brain, as they naturally arise in healthy and diseased
populations [23], [24], in this paper, we focus on developing
the mathematical foundations of a quantitative approach to the
analysis and control of cluster synchronization in a weighted
network of Kuramoto oscillators. In particular, we derive con-
ditions on the oscillators’ coupling and their natural frequencies
that guarantee the stability of an arbitrary cluster configuration.

Related work: Cluster synchronization, where multiple syn-
chronized groups of oscillators coexist in a connected network,
is an exciting phenomenon that has attracted the attention of the
physics, dynamical systems, and controls communities, among
others. The existing work on this topic has shown that cluster-
synchronized states can be linked to the existence of certain
network symmetries [25]–[29] or symmetries in the nodes’
dynamics [30]. More recently, in [31] and [32], the stability
of cluster states corresponding to network symmetries is ad-
dressed with the master stability function approach [33]. In con-
trast to this previous work, [34] combines network symmetries
with contraction analysis to study the stability of synchronized
states. Further studies relating contraction properties and cluster
synchronization are conducted in [35] and [36]. Finally, control
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Exact and Approximate Stability Conditions for
Cluster Synchronization of Kuramoto Oscillators

Tommaso Menara, Giacomo Baggio, Danielle S. Bassett, and Fabio Pasqualetti

Abstract— In this paper we derive exact and approximate
conditions for the (local) stability of the cluster synchronization
manifold for sparsely interconnected oscillators with heteroge-
neous and weighted Kuramoto dynamics. Cluster synchroniza-
tion, which emerges when the oscillators can be partitioned
in a way that their phases remain identical over time within
each group, is critically important for normal and abnormal
behaviors in technological and biological systems ranging from
the power grid to the human brain. Yet, despite its importance,
cluster synchronization has received limited attention, so that
the fundamental mechanisms regulating cluster synchronization
in important classes of oscillatory networks are still unknown.
In this paper we provide the first conditions for the stability
of the cluster synchronization manifold for general weighted
networks of heterogeneous oscillators with Kuramoto dynamics.
In particular, we discuss how existing results are inapplicable or
insufficient to characterize the stability of cluster synchroniza-
tion for oscillators with Kuramoto dynamics, provide rigorous
quantitative conditions that reveal how the network weights and
oscillators’ natural frequencies regulate cluster synchronization,
and offer examples to quantify the tightness of our conditions.
Further, we develop approximate conditions that, despite their
heuristic nature, are numerically shown to tightly capture the
transition to stability of the cluster synchronization manifold.

I. INTRODUCTION

Synchronization arises spontaneously and by design in
a broad range of natural and man-made systems [1]–[3],
and is characterized by the onset of coherent trajectories
among different interconnected units. Full synchronization
has been extensively studied, e.g., see [4], and it corresponds
to the case where all of the units exhibit coherent behavior.
In contrast and despite its fundamental importance for the
functionalities of many network systems [5], cluster synchro-
nization, where disjoint and, possibly, time-varying groups
organize along different synchronized trajectories, has been
the subject of fewer and isolated studies, e.g., see [6]–[8].

The underlying mechanisms of cluster synchronization
are particularly useful to model, analyze, and regulate syn-
chronized neural activity in the human brain (see Fig. 1).
In fact, because different patterns of synchronized neural
activity are thought to be clear biomarkers of different
neurological disorders [9], [10], methods to characterize and
control the large-scale structural architecture of the brain,

This material is based upon work supported in part by ARO 71603NSYIP,
and in part by NSF BCS1631112. Tommaso Menara, Giacomo Baggio
and Fabio Pasqualetti are with the Department of Mechanical Engi-
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fabiopas}@engr.ucr.edu. Danielle S. Bassett is with the Depart-
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gineering, the Department of Physics and Astronomy, the Department of
Psychiatry, and the Department of Neurology, University of Pennsylvania,
dsb@seas.upenn.edu.
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Fig. 1. As evident from fMRI scans, neural activity across different regions
is correlated over time, and this correlation pattern defines clusters of syn-
chronized brain areas corresponding to well-defined neural systems. Distinct
correlation patterns are biomarkers of healthy and diseased neural states.

its intrinsic properties, and brain-wide oscillatory patterns,
can inform the design of novel diagnostics and treatments
for neurological diseases and psychiatric disorders. Moti-
vated by these outstanding challenges, in this paper we
derive prescriptive conditions for the stability of cluster
synchronization in sparse networks of oscillators. We focus
on oscillators with heterogeneous and weighted Kuramoto
dynamics, which, despite their apparent simplicity, have been
shown to be particularly suited to model the onset of complex
synchronization phenomena in neural systems [11], as well
as in many other natural and technological systems [1], [2].
Related work. Cluster synchronization is a challenging prob-
lem that has attracted the attention of the physics, dynamical
systems, and controls communities. Existing studies on this
topic have highlighted a relation between cluster synchro-
nization and the presence of certain group symmetries [12],
[13] and edge weights [6]–[8] in the underlying interconnec-
tion graph, for a class of coupled oscillators. Yet, as we show,
group symmetries of the underlying graph are not necessary
for cluster synchronization, and the Kuramoto model used
in this paper does not satisfy the assumptions of the above
papers, thus making the existing results inapplicable.

Cluster synchronization of oscillators with Kuramoto dy-
namics has been studied in [14], [15], where an approximate
definition of cluster synchronization is used, in [16], [17],
where conditions are given only for the invariance of the
cluster synchronization manifold, in [18], where only the par-
ticular case of two clusters of identical Kuramoto oscillators
with inertia is considered, and in [19], where only implicit
and numerical stability conditions on the linearized dynamics
are derived. To the best of our knowledge, this work presents
the first conditions for the (local) stability of the cluster
synchronization manifold in sparse and weighted networks
of heterogeneous oscillators with Kuramoto dynamics.

A Framework to Control Functional Connectivity in the Human Brain

Tommaso Menara, Giacomo Baggio, Danielle S. Bassett, and Fabio Pasqualetti

Abstract— In this paper, we propose a framework to control
brain-wide functional connectivity by selectively acting on
the brain’s structure and parameters. Functional connectivity,
which measures the degree of correlation between neural
activities in different brain regions, can be used to distinguish
between healthy and certain diseased brain dynamics and,
possibly, as a control parameter to restore healthy functions.
In this work, we use a collection of interconnected Kuramoto
oscillators to model oscillatory neural activity, and show that
functional connectivity is essentially regulated by the degree of
synchronization between different clusters of oscillators. Then,
we propose a minimally invasive method to correct the oscil-
lators’ interconnections and frequencies to enforce arbitrary
and stable synchronization patterns among the oscillators and,
consequently, a desired pattern of functional connectivity. Ad-
ditionally, we show that our synchronization-based framework
is robust to parameter mismatches and numerical inaccuracies,
and validate it using a realistic neurovascular model to simulate
neural activity and functional connectivity in the human brain.

I. INTRODUCTION

The structural (i.e., matrix of anatomical connections
between brain regions) and functional (i.e., matrix of cor-
relation coefficients between the activity of brain regions)
connectivity of the brain vary across healthy individuals and
those affected by neurological or psychiatric disorders, and
can be used as biomarkers to detect or predict pathologi-
cal conditions. While structural connectivity changes rather
slowly over time and can be measured accurately via diffu-
sion imaging techniques [1], functional connectivity depends
on the instantaneous neural activity and is affected, for
instance, by the tasks being performed and external stimuli
[2]. Today, common measures of functional connectivity rely
on resting-state functional magnetic resonance imaging (rs-
fMRI) timeseries to quantify the level of correlated activity
between brain regions. The relationships between structural
and functional connectivity have recently received consider-
able attention [3], [4], and the tantalizing idea of controlling
functional states by leveraging or modifying brain structure
has given birth to a new, thrilling, field of research [5]–[7].

In this paper, we leverage the connection between struc-
tural and functional connectivity, and propose a framework
to control functional connectivity by selectively modifying
structural connectivity and the regions’ intrinsic frequencies
(see Fig. 1). In particular, building on prior studies [8],
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and in part by NSF BCS1631112. Tommaso Menara, Giacomo Baggio
and Fabio Pasqualetti are with the Department of Mechanical Engi-
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fabiopas}@engr.ucr.edu. Danielle S. Bassett is with the Depart-
ment of Bioengineering, the Department of Electrical and Systems En-
gineering, the Department of Physics and Astronomy, the Department of
Psychiatry, and the Department of Neurology, University of Pennsylvania,
dsb@seas.upenn.edu.

−1

1

co
rr

el
at

io
n

br
ai

n
re

gi
on

s

brain regions
−1

1

co
rr

el
at

io
n

br
ai

n
re

gi
on

s

brain regions

Abnormal FC Modeling and
Analysis

Structural and
Frequency Control Healthy FC

Fig. 1. This paper proposes a framework to restore healthy patterns
of brain-wide functional connectivity by selectively acting on the brain’s
structure and parameters. Using a network of heterogeneous Kuramoto
oscillators to model the brain’s neural activity, we design and validate a
minimally invasive method to correct the oscillators’ interconnections and
frequencies to obtain a desired and stable pattern of functional connectivity.

[9], we model the brain’s neural activity as the phases
of a collection of interconnected Kuramoto oscillators, and
postulate that the level of functional connection between
two regions is proportional to the level of synchronization
between the phases of the oscillators associated with the
two regions. Then, we derive conditions and methods to
tune the oscillators’ interconnection weights and natural fre-
quencies so as to enforce arbitrary synchronization patterns
and, consequently, brain-wide functional connectivity. We
remark that the control mechanisms used in our frame-
work are biologically plausible. For instance, changes in the
spontaneous neural activity (i.e., oscillators’ frequencies) are
typical of the brain, involve natural modifications in regional
metabolism of the neurons, and can alternatively be induced
by a number of non-invasive stimulation techniques [10].
Changes to the structural interconnections (i.e., oscillators’
interconnections), instead, can arise from different chemical
or electrical mechanisms including, at the microscale, Heb-
bian plasticity [11] and short-term synaptic facilitation [12].
Related work. The discovery of oscillatory or rhythmic brain
activity dates back almost a century. Yet, control-theoretic
studies that exhaust the oscillatory nature of brain states
have been sparse and of relatively recent date. Some authors
focus on localized desynchronization of neural activity [13]–
[15], which is desirable in individuals affected by epilepsy
or Parkinson’s disease, and others use synchronization phe-
nomena to describe cognitive and functional brain states
[16]–[18]. To the best of our knowledge, a framework to
control the pattern of brain-wide functional connectivity is
still missing, and is proposed for the first time in this paper.

At the core of our framework to model and control func-
tional connectivity is the concept of cluster synchronization
in a network of oscillators, where groups of oscillators
behave cohesively but independently from other clusters. For
the case of oscillators with Kuramoto dynamics as used
in this work, [19], [20] explore approximate notions of
cluster synchronization in simplified configurations, while
[21] provides exact invariance conditions for arbitrary cluster
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Oscillatory activity is ubiquitous in natural and engineered network systems. The interaction

scheme underlying interdependent oscillatory components governs the emergence of

network-wide patterns of synchrony that regulate and enable complex functions. Yet,

understanding, and ultimately harnessing, the structure-function relationship in oscillator

networks remains an outstanding challenge of modern science. Here, we address this chal-

lenge by presenting a principled method to prescribe exact and robust functional config-

urations from local network interactions through optimal tuning of the oscillators’

parameters. To quantify the behavioral synchrony between coupled oscillators, we introduce

the notion of functional pattern, which encodes the pairwise relationships between the

oscillators’ phases. Our procedure is computationally efficient and provably correct, accounts

for constrained interaction types, and allows to concurrently assign multiple desired func-

tional patterns. Further, we derive algebraic and graph-theoretic conditions to guarantee the

feasibility and stability of target functional patterns. These conditions provide an interpretable

mapping between the structural constraints and their functional implications in oscillator

networks. As a proof of concept, we apply the proposed method to replicate empirically

recorded functional relationships from cortical oscillations in a human brain, and to redis-

tribute the active power flow in different models of electrical grids.
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Full vs cluster synchronization

Phase differences: xij = θj − θi

cluster synchronization: xintra → 0
xintra → 0

xinter = ?
full synchronization: x → 0

⋄ Difference dynamics

ẋ = F (x)

⋄ Difference dynamics

ẋintra = F (xintra) + G (xintra, xinter)
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Full vs cluster synchronization

Phase differences: xij = θj − θi

cluster synchronization: xintra → 0
xintra → 0

xinter = ?
full synchronization: x → 0

⋄ Difference dynamics

ẋ = F (x)

⋄ Difference dynamics

ẋintra = F (xintra) + G (xintra, xinter)

⋄ Linearization around synchronized

trajectory

ẋ = Jx

⋄ Linearization around cluster-

synchronized trajectory

ẋintra = (Jintra + Jinter(t)) xintraẋintra = (Jintra︸︷︷︸+ Jinter(t)︸ ︷︷ ︸)xintra

Hurwitz , time-varying /unknown /

known ,
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